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ABSTRACT

Motion estimation is a common ingredient in many state-of-
the-art video processing algorithms, serving as an effective
way to capture the spatial-temporal correlation in video sig-
nals. However, the robustness of motion estimation often suf-
fers from problems such as ambiguities of motion trajectory
(i.e. the aperture problem) and illumination variances. In
this paper, we explore a new framework for video process-
ing based on the recently proposed surfacelet transform. In-
stead of containing an explicit motion estimation step, the
surfacelet transform provides a motion-selective subband de-
composition for video signals. We demonstrate the potential
of this new technique in a video denoising application.

1. INTRODUCTION

Motion estimation is an effective way to capture the spatial-
temporal correlation in video signals, and is widely used in
many state-of-the-art video processing algorithms. Its im-
portance has been confirmed by the ubiquitous existence of
motion estimation/compensation steps in the latest series of
video coding standards, from MPEG-1 to H.264.

However, the robustness of motion estimation often suf-
fers from problems such as ambiguities of motion trajectory
(i.e. the aperture problem), illumination variances, and noise
in the video sequences. Meanwhile, for practical applications,
there is always a trade-off between the accuracy of the motion
vectors and computational complexity.

In this paper, we explore a new framework for video process-
ing based on the recently proposed surfacelet transform [1].
Instead of containing an explicit motion estimation step, the
surfacelet transform provides a motion-selective subband de-
composition for video signals. Similar approaches to video
processing using various motion-selective 3-D transforms have
been previously proposed by several researchers [2]–[4]. A
potential advantage of the surfacelet transform is that its di-
rectional resolution can be refined by invoking more levels of
decomposition. In practice, we usually choose to have 192
or more directional subbands at finer scales of the surfacelet
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transform, which can potentially lead to a more accurate sep-
aration of different motion information in the video signals.

This paper is organized as follows. Section 2 briefly intro-
duces the key ideas and construction of the surfacelet trans-
form. We show in Section 3 why the surfacelet transform can
potentially provide an efficient representation for video sig-
nals without explicit motion estimations. We present experi-
mental results on video denoising in Section 4 and conclude
the paper in Section 5.

2. THE SURFACELET TRANSFORM

In this section, we briefly introduce the filter bank construc-
tion of the surfacelet transform, with emphasis on the key
ideas and properties. More details of this transform can be
found in [1].

2.1. The 3-D Directional Filter Banks

In 1992, Bamberger and Smith [5] proposed the directional
filter bank (DFB) for an efficient directional decomposition
of 2-D signals. The DFB is implemented via an l-level tree-
structured decomposition that leads to 2 l subbands with wedge-
shaped frequency partitioning as shown in Figure 1(a). The
directional-selectivity and efficient structure of the DFB makes
it an attractive candidate for many image processing applica-
tions. By combining the DFB with the Laplacian pyramid, Do
and Vetterli [6] constructed the contourlets, which provides a
directional multiresolution transform for sparse image repre-
sentation.

The first step in the construction of the surfacelet trans-
form is extending the 2-D DFB to higher dimensions. For
example, in 3-D, we want to achieve the frequency partition-
ing as shown in Figure 1(b), where the ideal passbands of
the component filters are rectangular-based pyramids radiat-
ing out from the origin at different orientations and tiling the
entire frequency space. We can see this is a natural extension
from the wedge-shaped frequency partitioning in 2-D. In the
rest of the paper, we use NDFB to represent the new direc-
tional filter banks in 3-D and beyond.

To obtain the first level of decomposition in NDFB, we
employ a three-channel undecimated filter bank shown in Fig-
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Fig. 1. (a) Frequency partitioning of the directional filter bank
with 3 levels of decomposition. (b) Frequency partitioning
of the NDFB in 3-D. The ideal passbands of the component
filters are rectangular-based pyramids radiating out from the
origin at 3 × 2l (l ≥ 0) different orientations and tiling the
entire frequency space.
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Fig. 2. The first level of decomposition: a three-channel un-
decimated filter bank in 3-D. The ideal frequency-domain
supports of the component filters are hourglass-shaped re-
gions, with their corresponding dominant directions aligned
with the ω1, ω2, and ω3 axes, respectively.

ure 2. This filter bank decomposes the 3-D frequency spec-
trum of the input signal into three hourglass-shaped subbands,
with their dominant directions aligned with the ω1, ω2, and ω3

axes, respectively.
Figure 3 shows the block diagram of subsequent levels of

decompositions on one of the three branches. After the 3-D
hourglass filter, we sequentially decompose the signal by two
2-D filter banks, with the first one, denoted as IRC(l2)

12 , oper-

ating along the (n1, n2)-plane and the second one, IRC(l3)
13 ,

along the (n1, n3)-plane.

The 2-D filter bank IRC(l2)
12 , which stands for Iteratively

Resampled Checkerboard filter bank, has a binary-tree struc-
ture with l2 (≥ 0) levels of decomposition, and therefore has
2l2 different output branches. The second filter bank IRC (l3)

13

has the same construction as IRC(l2)
12 , but operates along a

different signal plane, i.e, (n1, n2) → (n1, n3), and with a
different decomposition depth, i.e. l2 → l3. Note that we
attach an IRC(l3)

13 to every output channel of IRC(l2)
12 , so we

have a total of 2l2+l3 output channels in Figure 3. If the IRC
filter banks are designed suitably, then the hourglass-shaped

filter provided in the first level can be further divided into finer
pyramid-shaped subbands as shown in Figure 1(b). We leave
the details of the construction of the IRC filter banks to [1].

In summary, the NDFB filter bank described above has
the following useful properties:

1. Directional decomposition. The NDFB decomposes
3-D signals into 3 × 2l (l ≥ 0) directional subbands,
as shown in Figure 1(b). The number of directional
subbands can be increased by iteratively invoking more
levels of decomposition through a simple expansion rule.

2. Construction. The NDFB has an efficient tree-structured
implementation using iterated filter banks.

3. Perfect reconstruction. The original signal can be ex-
actly reconstructed from its transform coefficients in
the absence of noise or other processing.

4. Small redundancy. The NDFB is 3-times expansive in
the 3-dimensional case.

2.2. The Multiscale Pyramid

The 3-D directional frequency partitioning makes NDFB a
suitable tool in capturing surface singularities within 3-D sig-
nals. To efficiently capture and represent local surface singu-
larities with different sizes, we construct the surfacelet trans-
form as a multiresolution version of NDFB. This strategy is
analogous to the contourlet construction [6], in which the
original 2-D DFB is combined with a multiscale decompo-
sition. However, an important distinction is that instead of
using the Laplacian pyramid as in contourlets, we employ a
new multiscale pyramid structure for the surfacelet transform,
as shown in Figure 4, which is conceptually similar to the one
used in the steerable pyramid [7].

In Figure 4, we use Li(ω) (i = 0, 1) to represent the low-
pass filters and Di(ω) (i = 0, 1) to represent the highpass fil-
ters in the multiscale decomposition. S(ω) is an anti-aliasing
filter used to cancel the aliasing caused by the upsampling
operations. The NDFB is attached to the highpass branch at
the finest scale and bandpass branches at coarser scales. To
have more levels of decomposition, we can recursively insert
at point an+1 a copy of the diagram contents enclosed by the
dashed rectangle.

In the new multiscale pyramid depicted in Figure 4, the
lowpass filter L0(ω) in the first level is downsampled by a
non-integer factor of 1.5 (upsampling by 2 followed by down-
sampling by 3) along each dimension. Although this frac-
tional sampling factor makes the new pyramid slightly more
redundant than the Laplacian pyramid (e.g. 1.34 versus 1.14
in redundancy ratios in 3-D), we find the added redundancy
to be very useful in reducing the frequency-domain aliasing
of the NDFB. We leave a detailed explanation for this issue
to [8].
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Fig. 4. The block diagram of the analysis part of the proposed
surfacelet transform. The NDFB filter banks are attached to
the highpass subband of the multiscale pyramid at each scale.

3. THE SURFACELET TRANSFORM FOR VIDEO
PROCESSING

In this section, we explain, from two different points of view,
why the surfacelet transform can potentially provide an effi-
cient representation for video signals.

3.1. Spatial Domain

Video signals can be regarded as a special type of 3-D vol-
umetric data, with two spatial dimensions and one temporal
dimension. Moving objects in the video tend to carve out
smooth surfaces in the 3-D spatial/temporal space. For in-
stance, as shown in Figure 5(a), a moving circle in a video
forms a smooth tube in the 3-D space.

We show in Figure 5(b) the isosurface of a surfacelet basis
element in the spatial domain. The blue (or dark) colored iso-
surface is extracted at half of the most positive value and the
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Fig. 5. (a) A smooth tube in the 3-D spatial-temporal space
carved out by a moving circle in the video. (b) The isosurface
of a surfacelet in the spatial domain.

red (or light) colored isosurface at half of the most negative
value. We can see that surfacelets in the spatial domain are lo-
calized surface patches, smooth along the tangent planes and
oscillatory along various normal directions. With these prop-
erties, we envision that surfacelets can efficiently capture and
represent discontinuities living on the smooth surfaces in the
3-D spatial-temporal space.

3.2. Frequency Domain

Consider a simple translational motion model with a constant
speed. The frames in the video are related as

I(x, y, t) = I(x − vxt, y − vyt, 0),

where I(x, y, t) is the image intensity at location (x, y) and
time t; while (vx, vy) is the constant motion vector. Although
real-life video sequences usually contain much more compli-
cated motions, the above model holds approximately in any
local spatial-temporal region.

The Fourier transform Î(ωx, ωy, ωt) of the 3-D volume
can be written as

Î(ωx, ωy, ωt) = 2π · Î0(ωx, ωy) · δ(ωxvx + ωyvy + ωt), (1)



Fig. 6. The 3-D spectrum Î(ωx, ωy, ωt) of the video signal is
supported on a tilted plane with normal direction (vx, vy, 1)T .

where Î0(x, y) is the 2-D Fourier transform of the initial frame
at time 0. It follows from (1) that the 3-D spectrum is sup-
ported on a tilted 2-D plane whose normal direction is (vx, vy, 1)T .
As shown in Figure 6, the frequency partitioning of the sur-
facelet transform, when intersected with the tilted plane, gen-
erates a contourlet-like [6] directional multiresolution decom-
position for the 2-D spectrum Î0(ωx, ωy). Consequently, when
applied to video signals, the surfacelet transform can be seen
as a motion-adaptive contourlet transform, whose basis im-
ages can represent 2-D edges moving at different directions.

4. VIDEO DENOISING

To demonstrate the potential of the surfacelet transform for
video processing, we show in this section a video denoising
application, in which we use the surfacelet transform to re-
move the white Gaussian noises added to several video sig-
nals, including “Mobile”, “Coastguard” and “Tempete”. For
benchmark, we also show the denoising performance of the
3-D undecimated separable wavelet transform (UDWT) and
the real-valued dual-tree wavelet transform (DTWT) [9, 10].
Note that DTWT can also provide a directional decomposi-
tion for 3-D signals, and has been previously applied in video
processing applications [4].

In the experiment, we use 4 levels of decomposition for
all transforms. For the surfacelet transform, the number of
directional subbands for each scale, from fine to coarse, is set
to be 192, 192, 48 and 12. For the UDWT, we use the “sym-
let” of length 16. For a fair comparison, we employ the hard
thresholding denoising method for all 4 transforms, by trun-
cating the transform coefficients of the noisy sequences with
a threshold T . We choose T = 3 · σ̂, where σ̂ is the estimated
noise standard deviation at the corresponding subband. Al-
though not being the best denoising algorithm available, this
simple hard thresholding scheme can often be a good indica-
tion of the potential of different transforms.

Table 1 shows the PSNR (in dB) of the denoised test se-
quences by using different transforms. In calculating the PSNR
values, the first and last 5 frames are excluded to rule out
the boundary-effect. To help interpret the results, we also
list the redundancy ratio of each transform in the table, since
the redundancy of a transform indicates its computational and
memory efficiency, which is an important practical issue to
consider in the context of 3-D signal processing.

Fig. 7. Denoised frames from the “Mobile” sequence. From
left to right, top to bottom: noiseless, UDWT, DTWT, and
Surfacelets.

We can see from the table that Surfacelet outperforms
the other two transforms by a large margin (from 0.79 dB
to 1.36 dB) for the tested sequences. In particular, despite
being much less redundant than UDWT (4.02 versus 29 in
redundancy ratios), the surfacelet transform still achieves sig-
nificantly better results. This performance gain is mainly due
to the fact that Surfacelet can separate and capture motion in-
formation in its various directional subbands, while UDWT
tends to mix different directional information into one sub-
band. A potential advantage of the surfacelet transform over
DTWT is that Surfacelet can refine its angular resolution (i.e.
have more directional subbands) by invoking more levels of
decomposition. In practice, we usually choose to have 192
or more directional subbands at finer scales, in contrast to the
fixed 28 directional subbands provided in the DTWT.

Figure 7 shows one frame of the denoised video sequence
by using different transforms. We can see that image details
are best preserved by the surfacelet transform. This difference
in denoising quality is much more conspicuous when viewing
the video sequences.

5. CONCLUSIONS

In this paper, we explored a new framework for video process-
ing using the surfacelet transform, which provides a motion-
selective subband decomposition for video signals. Desirable
properties of this transform include refinable angular resolu-
tion which leads to a more accurate separation of different
motion information; an efficient tree-structured implementa-



Table 1. PSNR values of the denoised sequences by using UDWT, DTWT, and the surfacelet transform. The redundancy of
each transform is shown in parentheses.

Mobile Coastguard Tempete
σ 30 40 50 30 40 50 30 40 50

UDWT (29) 24.08 23.00 22.24 25.95 24.95 24.20 27.14 26.05 25.24
DTWT (4) 24.64 23.44 22.60 26.06 25.02 24.23 27.19 26.07 25.26

Surfacelets (4.02) 25.93 24.79 23.96 26.85 25.90 25.18 28.00 27.01 26.29

tion; and a relatively low redundancy. The potential of the
surfacelet transform is demonstrated by a video denoising ap-
plication.
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